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We discuss the creation of non-classical light from collective atomic states that are prepared in a
ring-shaped lattice. These states are realized by exploiting the strong interaction between atoms in
high lying energy levels - so-called Rydberg states - and yield a resource for creating excitations of
the electromagnetic field that carry few photons. We characterize the properties of these photonic
states showing that they are determined by the interplay between the ring geometry, the structure
of the atomic resource states and the collectivity in the photon emission which is controlled by the
lattice spacing. The system permits the creation of single photons with well-defined orbital angular
momentum and two-photon states that are entangled in orbital angular momentum.
PACS numbers: 32.80.Rm, 32.80.-t, 42.50.Dv
I. INTRODUCTION
The coupling of atoms to light has been exploited since
the early days of atomic physics to gain an insight into
the structure of atoms and molecules. Recently, there has
been a great deal of interest in the quantum interface be-
tween light and an atomic ensemble [1] and in using the
coherent coupling between these two systems for quan-
tum information processing, quantum information stor-
age or the creation of deterministic photon sources [2–7].
Such photon sources rely on the ability to create certain
entangled quantum states in atomic ensembles which are
then subsequently converted into excitations of the elec-
tromagnetic field [8–10]. Ultra cold atoms provide a tool-
box for the creation of such atomic states. The reason is
rooted in the versatility of these systems, such as the tun-
ability of their interactions and the advanced techniques
that have been developed for their trapping and manip-
ulation [11]. In particular, the exaggerated properties of
highly excited (Rydberg) atoms [12] can be exploited in
order to create entangled many-particle states. In a re-
cent work [13, 14] this was shown for a system in which
the atoms are confined to a deep ring lattice. Here the
collective excitations of the atomic ensemble were cal-
culated analytically and it was shown that - due to the
special geometry of the ring - these excitations possess a
particularly symmetric structure.
In this paper we show how these symmetric states can
be used to devise single and two photon sources. The
properties of the photonic states are imposed mainly by
the interplay between the particular shape of the system
and the collectivity in the photon emission. We provide
a - to a large extent - analytic description of the photonic
states and a thorough discussion of their properties, such
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as their angular emission characteristics as well as their
spatial correlations. We find that the ring geometry per-
mits the preparation of photons in a superposition state
of two tunable emission directions. Furthermore, the sys-
tem allows to create single photons with well-defined an-
gular momentum and entangled photon pairs.
The paper is structured as follows: In Sec. II we re-
view the general atom-light mapping scheme following
Refs. [8, 15, 16] with particular emphasis on the special
features emerging from the ring geometry. In Sec. III
we outline - along the lines of Refs. [13, 14, 17] - how
symmetric entangled atomic states in a ring lattice can
be created by exploiting the unique properties of excited
Rydberg states. These states serve as a resource for the
creation of single and two photon states whose properties
are thoroughly discussed in Sec. IV and Sec. V, respec-
tively. A conclusion and an outlook is provided in Sec.
VI.
II. ATOM-PHOTON MAPPING IN A RING
LATTICE
In this section, we recapitulate the general problem of
how to create photons from atomic ensembles prepared in
collective quantum states. We will discuss in detail the
approximations entering our calculation and illuminate
peculiarities which emerge form the particularly symmet-
ric shape of the system.
A. General aspects of the atom-photon mapping
Our setup consists of N identical atoms that are spa-
tially localized at the positions rα. Internally, we con-
sider three levels which form a so-called Λ-system de-
picted in the lower half of Fig. 1a (note that, for the
moment, we will not be concerned with the state |r〉).
The three levels involved are the two hyperfine ground
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2FIG. 1: a: Internal level structure of each of the N atoms of
the ensemble. The excitations are stored in the two hyperfine
ground states |g〉 and |s〉 which, together with the auxiliary
level |a〉, form a Λ-scheme: |s〉 is coupled off-resonantly to |a〉
and the decay from |a〉 to |g〉 produces emission of photons.
The coupling from |g〉 to the Rydberg state |r〉 is used to cre-
ate the initial entangled many-body atomic excitations that
are subsequently mapped into the hyperfine manifold. b: We
consider N atoms confined in a ring shaped one-dimensional
lattice. The transition dipoles dga represented by the small
red arrows are aligned and perpendicular to the ring. The
photons are eventually emitted from the ensemble with a cer-
tain angular distribution which is parameterized by the angles
θ and φ.
states |g〉 and |s〉 as well as a third level |a〉 which will
be used as an intermediate state. The left ’leg’ of the Λ-
system is formed by a (classical) driving laser field with
Rabi frequency ΩL and momentum kL coupling |s〉 off-
resonantly to |a〉 with a detuning ∆L. The right ’leg’
is formed by the electromagnetic (quantum) field into
which eventually single photons are emitted due to the
decay from |a〉 to |g〉. In our scheme we do not consider
decay from |a〉 back to |s〉, which can be ensured by an
appropriate choice of the atomic levels.
The collective atomic excitations which will be con-
verted into photons are stored in the two levels |g〉 and
|s〉. These collective states have the general form
|Ψ〉at =
∑
ij...
Ψij...σ
(i)
sg σ
(j)
sg . . . |0〉at , (1)
with i, j · · · = 1 . . . N and |0〉at =
∏
k |g〉k being the
atomic vacuum state. The σ-operators are defined as
σ
(k)
αβ ≡ |α〉k 〈β| .
Let us now show how such an atomic excitation is
converted into photons: We assume that |∆L|  ΩL
which allows us to adiabatically eliminate the interme-
diate state |a〉. The whole problem reduces then to an
ensemble of two level systems which are coupled to a
multi-mode light field with Hamiltonian (in the rotating-
wave approximation)
H =
N∑
α=1
ωLσ
(α)
ss +
∑
qλ
ωqa
†
qλaqλ (2)
−
N∑
α=1
∑
qλ
Kqλ
(
ei(q−kL)·rαaqλσ(α)sg + H.c.
)
.
The first and second terms of (2) represent the atomic en-
ergy (ωL = c |kL|) and the energy of the electromagnetic
field, respectively. Here the operators aqλ (a
†
qλ) anni-
hilate (create) photons with energy ωq = c|q| and unit
polarization vector eqλ (q · eqλ = 0). The atom-field
interaction is described in the third term of the Hamil-
tonian with the coupling coefficients being defined as
Kqλ =
(
ΩL
∆L
)√
ωq
20V
dga · eqλ.
Here, V is the quantization volume, 0 the vacuum permi-
tivity, and dga the dipole matrix element of the |g〉 → |a〉
transition.
Upon switching on the classical field with Rabi fre-
quency ΩL the time-evolution under the Hamiltonian (2)
will convert the atomic state (1) into a photonic state.
For times much longer than the lifetime of the interme-
diate state τ = Γ−1, where Γ is its corresponding decay
rate to |g〉, this can be formulated as a direct mapping
between atomic and photonic states [8, 9]. This mapping
is expressed by the unitary transformation
Uσ(α)sg U
† tτ=
∑
qλ
gαqλ(t)a
†
qλ, (3)
with the time-evolution operator U ≡ e−iHt. The co-
efficients appearing in this expression can be calculated
according to
gαqλ(t) = iKqλ
∑
γ
e−i(q−kL)·rγ (4)
×
∫ t
0
e−iωq(t−τ)at 〈0|σ(γ)gs (τ)σ(α)sg |0〉at dτ,
where at 〈0|σ(γ)gs (τ)σ(α)sg |0〉at represents the atom-atom
correlation function.
Our final aim is to find an explicit expression for the
photonic state |Φ〉ph onto which a given collective atomic
state is mapped, i.e.,
|Φ〉ph =
∑
ij...
Ψij...Uσ
(i)
sg U
†Uσ(j)sg U
† . . . |0〉ph , (5)
where |0〉ph is the photonic vacuum. Hence, we need
to know the exact form of the coefficients (4) which is
obtained from the time evolution of the correlation func-
tion, i.e., of the atomic operators σ
(γ)
gs (τ) [15, 16]. This
evolution is governed by the master equation
ρ˙ =
∑
αβ
e−ikL·rαβJαβ
(
σ(β)gs ρσ
(α)
sg − ρσ(α)sg σ(β)gs
)
+ H.c.,
where the entries of the matrix J are given by
Jαβ = γαβ + iΩαβ ,
3with
γαβ =
3Γ
2
{[
1− 3
(
dˆga · rˆαβ
)2][cosκαβ
κ2αβ
− sinκαβ
κ3αβ
]
+
[
1−
(
dˆga · rˆαβ
)2] sinκαβ
καβ
}
Ωαβ =
3Γ
2
{[
1− 3
(
dˆga · rˆαβ
)2][ sinκαβ
κ2αβ
+
cosκαβ
κ3αβ
]
−
[
1−
(
dˆga · rˆαβ
)2] cosκαβ
καβ
}
.
In these expressions, Γ =
(
ΩL
∆L
)2 d2gak3L
6pi0
is the single-atom
decay rate and καβ ≡ kL |rαβ |, with rαβ = rα − rβ and
kL = |kL|.
Some features of the photon emission can be already
inferred from the eigenvalues of J . Its largest eigenvalue
Γcol defines the ’degree of collectivity’ in the photon emis-
sion which in general depends on the interplay between
two parameters: the average interparticle distance, a,
and the wavelength, λL. If the wavelength of the laser
is much larger than the separation between the atoms,
the whole ensemble couples to the light field as a single
degree of freedom. Hence, in this case the degree of col-
lectivity is large, i.e. Γcol  Γ. In the opposite regime,
i.e. a λL, the atoms couple independently to the laser
and, hence, Γcol = Γ. Throughout this paper, we will
focus mainly in the more interesting intermediate regime
a ∼ λL. There, a non-negligible degree of collectivity
is present while the specific spatial configuration of the
atoms give rise to directionality and other features that
we will discuss in the next sections.
We proceed by employing a final approximation which
relies on the fact that we are particularly interested in
atomic states in which the number of atoms in the state
|s〉 is very small in comparison to the total number of
atoms N . In this restricted subspace - denoted by 〈...〉
- the commutation relations between the spin operators
can be approximated by
〈
[
σ(α)gs , σ
(β)
sg
]
〉=
(
1− 2〈σ(α)ss 〉
)
δαβ ≈ δαβ , (6)
i.e., the σ-operators obey a bosonic algebra. This is essen-
tially the Holstein-Primakoff approximation [18]. Drop-
ping the notation 〈...〉 in the following, the time evolution
of the expectation value of σ
(γ)
gs (τ) can be written in the
closed form:
d
〈
σ
(γ)
gs (t)
〉
dt
= −
∑
β
e−ikL·rγβJγβ
〈
σ(β)gs (t)
〉
.
Using the quantum regression theorem [19, 20], we obtain
for the time-evolution of the correlation function
d
〈
σ
(γ)
gs (τ)σ
(α)
sg
〉
dτ
= −
∑
β
e−ikL·rγβJγβ
〈
σ(β)gs (τ)σ
(α)
sg
〉
.
In order to solve this equation of motion, we introduce
the eigenfunctions and eigenvalues of the operator J
Jγβ =
∑
mn
MγnDnδnmM−1mβ , (7)
such that the desired expectation value of the correlations
yields〈
σ(γ)gs (τ)σ
(α)
sg
〉
= eikL·rαγ
∑
k
Mγke−DkτM−1kα .
Introducing this result into equation (4), we eventually
obtain (in the limit of t 1/Γ),
gαqλ(t) = −iKqλe−i(ωqt−kL·rα)
∑
γk
e−iq·rγ
MγkM−1kα
iωq −Dk .
(8)
These coefficients contain all the information of the map-
ping (3) and put us in a position to calculate the photonic
state (5) that is created by an atomic excitation of the
form (1).
B. The ring lattice configuration
After these general considerations let us now focus on
the particular ring structure of our system. The N atoms
are placed on a ring lattice (one atom per site) with in-
teratomic spacing a. We consider that the ring lies in the
xy-plane. This setup is shown in Fig. 1b. The position
of each atom is thus given by
rα = R (cosφα, sinφα, 0) ,
with φα =
2pi
N (α − 1), for α = 1 . . . N . Here, R is the
radius of the ring and it is given approximately (for large
number of sites N  1) by R ≈ aN2pi .
We assume furthermore that the dipoles of the tran-
sition |g〉 → |a〉 are oriented perpendicular to the ring,
i.e. dˆga ‖ zˆ. This leads to a particularly simple appear-
ance of the the operator J which governs the evolution
of the atomic operators. Its matrix representation be-
comes a circulant matrix, that is, each row contains the
elements of the previous one shifted cyclically one place
to the right. In addition, as a consequence of the periodic
boundary conditions, J is symmetric. This matrix can
be diagonalized analytically [21], and its eigenfunctions
and eigenvalues are
Mγk = e
iφk(γ−1)
√
N
, Dk =
N∑
n=1
J1ne
iφk(n−1), (9)
for k = 1 . . . N . This result allows a quasi-analytical
treatment of the photon emission by the collective atomic
excitations stored in the ring lattice.
4III. STATE PREPARATION
Having now understood how to map atomic excitations
into photonic states we will briefly outline in this section
which many-particle states are accessible in the ring lat-
tice, and hence which states can serve as a resource for
emitted photons.
We follow the schemes discussed in Refs. [13, 14, 17]
which rely on the properties of atoms excited to Ryd-
berg states. To this end we introduce for each atom
the Rydberg ns-state |r〉 which is coupled to the elec-
tronic ground state |g〉 by means of a laser with Rabi
frequency Ωgr (see Fig. 1a). When the atoms are in the
excited state, they interact via the van-der-Waals inter-
action VvdW(r) = C6 × |r|−6, where r is the separation
between the atoms and C6 is the van-der-Waals coeffi-
cient [22, 23]. In the case of Rydberg states, this inter-
action can be very strong even over large spatial separa-
tions. This gives rise to the so-called ’Rydberg blockade’,
that inhibits the simultaneous excitation of more than
one Rydberg atom inside a sphere with blockade radius
rb ∼
[
C6 Ω
−1
gr
]1/6
[17, 24]. The size of the blockade ra-
dius relative to the interparticle distance a will crucially
determine the evolution dynamics of the system under
the action of the laser coupling from |g〉 to |r〉.
We will make a distinction between the cases in which
rb is (i) so large that it encompasses the entire lattice and
(ii) smaller than the interparticle separation. We discuss
the corresponding schemes for the creation of entangled
atomic states for these two cases in the following:
(i) - Large blockade radius. This case is depicted
in Fig. 2a. Here the entire lattice is blockaded and the
laser coupling |g〉 to |r〉 can only excite a single atom
to the Rydberg state. As a consequence, the laser effec-
tively couples the two collective states |0〉at ≡
∏
k |g〉k
and |R〉 ≡ 1/√N∑k σ(k)rg |0〉at with a collective Rabi fre-
quency Ω =
√
NΩgr [17]. Hence, as a result of a pulse of
duration τgr = pi/Ω a symmetric superposition of all pos-
sible single atomic excitations is achieved. Subsequently
the excited atomic states are mapped onto the stable hy-
perfine state |s〉 (see Fig. 1a) such that the spin wave
state
|Ψ1〉 = 1√
N
N∑
α=1
σ(α)sg |0〉at (10)
is reached. Note that we have considered here that all
atoms are located in a plane with constant phase equal
to zero, i.e., the momenta of the involved lasers are per-
pendicular to the ring.
(ii) - Small blockade radius. The previous and
other entangled atomic states can also be achieved in
the regime of a very weak blockade which is sketched
in Fig. 2b. The corresponding scheme is described in
[14, 25, 26] and we only outline the results here: When
the single atom Rabi frequency Ωgr is much larger than
the interaction between neighboring Rydberg atoms, the
FIG. 2: a: When the blockade radius, represented by the
blurred red circle, is larger than the radius of the ring, the
laser excites a symmetric superposition of all possible sin-
gle atomic excitations. b: When the laser driving is much
stronger than the interaction, i.e., rb  a, one can write ex-
actly the eigenstates of the system. On the right column, an
sketch of the ground state and first excited states is depicted.
Hamiltonian of this system becomes analytically solv-
able. One can write the ground state and first ex-
cited many-particle states in terms of the single atom
states |±〉k = 1√2 [|g〉k ± |r〉k]. In particular, the ground
state of the Hamiltonian is given by the product state
|G〉 = ∏k |−〉k. Due to the symmetry of the Hamil-
tonian, only very specific - so-called fully symmetric -
states are accessible from the ground state. The first
excited fully symmetric state is given by
|1〉 = 1√
N
N∑
k=1
σ
(k)
+ |G〉 ,
with σ
(k)
± |∓〉k = |±〉k. Here only one of the atoms in the
ring is in the state |+〉, but this excitation is delocalized
over the entire ring. One can excite also entangled fully
symmetric states which carry two excitations. These are
|2p〉 = 1
N
∑
kk′
sin
[
2pi
N
(p− 1/2)|k − k′|
]
σ
(k)
+ σ
(k′)
+ |G〉 ,
with p = 1 . . . bN/2c. Note that these states are super-
positions of pairs of excitations that travel in the ring
with opposite momentum. Let us point out that the
selective excitation of the above-described states is ex-
perimentally possible by means of variations in the Rabi
frequency and detuning of the laser, as it is described in
Refs. [14, 25, 26].
Once the desired entangled states are achieved, one
maps the excited states which are encoded in the super-
positions |+〉 and |−〉 to the stable states of the atomic
hyperfine groundstate manifold. This is done by means
5of a sequence of two resonant laser pulses (see Ref. [26]
for a detailed explanation) that perform the mappings
|−〉k → |g〉k and |+〉k → i |s〉k. This brings the many-
particle states described before into the states |0〉at, (10)
and ∣∣Ψ2p〉 = ∑
kk′
ψ
(p)
kk′σ
(k)
sg σ
(k′)
sg |0〉at , (11)
with ψ
(p)
kk′ = 1/N sin
[
2pi
N (p− 1/2)|k − k′|
]
, respectively
(see Fig. 2b).
We can now use the atom-light mapping presented in
Sec. II to calculate the photonic states that are created
from the collective atomic excitations (10) and (11). The
spin wave (10) produces the single-photon state
|Φ1〉 = 1√
N
∑
qλ
N∑
α=1
gαqλ(t)a
†
qλ |0〉ph . (12)
The doubly excited states (11) which are characterized
by the label p convert to two-photon states which possess
the form∣∣Φ2p〉 = ∑
qλq′λ′
∑
kk′
ψ
(p)
kk′gkqλ(t)gk′q′λ′(t)a
†
qλa
†
q′λ′ |0〉ph .
(13)
The coefficients gαqλ(t) are given by Eq. (8).
IV. CREATION OF SINGLE PHOTONS
Now we perform a detailed analysis of the photonic
excitations focussing at first on the single photon state
(12). The properties of the emitted photon will depend
on the degree of collectivity and the orientation of the
laser momentum kL with respect to the ring plane.
An important quantity for the characterization of the
photonic state is the angular intensity distribution, i.e.
the average photon number per solid angle. It is defined
through
I(θ, φ) =
V
(2pic)3
∫ ∞
0
∑
ν
〈nqν〉ω2qdωq, (14)
with the number operator being nqν = a
†
qνaqν and the
angles θ and φ determining the direction of the emission
(see Fig. 1b). In the particular case of our single photon
state, one can show that the angular intensity yields
I(θ, φ) =
3Γ sin2 θ
4piN3
N∑
m,n=1
Bn(θL, φL)B
∗
m(θL, φL)
Dm +D∗n
×B∗n(θ, φ)Bm(θ, φ),
where the Dn are given in (9), the function Bn(θ, φ) is
Bn(θ, φ) =
N∑
γ=1
e−ikLR qˆ·rˆγeiφγ(n−1), (15)
FIG. 3: Angular intensity distribution for a ring of N = 15
sites and a: a = λL, b: a = λL/2 and c: a = λL/3. The red
arrow indicates the direction of kL which is chosen to form an
angle of 45 degrees with the vertical (z-)axis at an azimuthal
angle φL = pi. The structure of the intensity profile is severely
influenced by the collectivity of coupling of the atoms to the
radiation field. This collectivity is determined by the ratio
of the lattice spacing and the laser momentum and increases
from a to c. The density plots in the right column show the
same data as the three-dimensional plots.
and (θL, φL) characterize the direction of the momentum
vector kL of the incident laser in spherical coordinates.
We will first discuss the case in which kL ∦ zˆ, i.e.
the laser momentum is not perpendicular to the plane
of the ring. In this situation we observe that, for ring
radii obeying R & λL, two peaks dominate the angular
distribution of the emitted photon as shown in Fig. 3.
One of these peaks follows the direction of the incident
laser (indicated by the red arrow). The second peak is
just the corresponding mirror image.
The origin of this distribution can be easily understood
in the limit R  λL, in which the eigenvalues Dn are
independent of n and all equal to Γ (Γcol = Γ), i.e. in
the absence of collectivity. The angular distribution of
the emitted photon in this limit becomes
IRλL(θ, φ) ≈
3 sin2 θ
8piN
∣∣∣∣∣
N∑
γ=1
eikLR (qˆ−kˆL)·rˆγ
∣∣∣∣∣
2
.
It is known that in the case of a gas confined to a one
dimensional linear lattice or in a disordered cigar-shaped
cloud [5, 6, 27], this equation gives rise to only one domi-
nant intensity maximum occurring in the same direction
of the laser momentum, i.e., when qˆmax = kˆL. In the case
of the ring this situation is different. Here the geometry
leads to a photon emission into two dominant directions
which are given by φmax = φL and sin θmax = sin θL. In
6FIG. 4: Angular intensity distribution for several values of
a . λL: a: a ring of N = 10 sites and a = λL/10, b: N =
10 and a = 0.56λL and c: N = 20 and a = 0.43λL. The
density plots in the right column show the same data as the
three-dimensional plots. The red arrow indicates the direction
of kL which is chosen to be parallel to the z-axis. Here no
dependence on the azimuthal angle is visible.
particular, when θL = pi/4, the two peaks of the inten-
sity are perpendicular to each other which corresponds
to the example shown in Fig. 3. In each panel of the
figure we show the intensity profile for different values of
a/λL (determining the degree of collectivity) and N = 15
atoms. One clearly sees that with increasing a/λL the
main peaks get sharper but at the same time the number
of smaller peaks increases as the ensemble ceases behav-
ing collectively in the emission process.
We will now turn to a particularly symmetric case,
namely kL ‖ zˆ. Here the laser is irradiated exactly per-
pendicular to the ring plane. In this highly symmetric
situation, the angular intensity distribution of the emit-
ted photon takes on a particularly simple form:
I0(θ, φ) =
3Γ
4piN
sin2 θ
D1 +D∗1
∣∣∣∣∣
N∑
γ=1
e−ikLR qˆ·rˆγ
∣∣∣∣∣
2
.
with D1 +D
∗
1 = 2
∑
n γ1n where
γ1n =
3Γ
2
[
cosκ1n
κ21n
− sinκ1n
κ31n
+
sinκ1n
κ1n
]
,
and κ1n = kL|r1n|. For sufficiently small interparticle
separation a . λL, the intensity is well approximated by
I0(θ, φ) ≈ 3ΓN
4pi
sin2 θ
D1 +D∗1
J20 (kLR sin θ),
where J0(x) represent the zero-th order Bessel function
of the first kind. Note that, even for a finite number of
FIG. 5: Sketch of the projection of the hollow photon with
well-defined angular momentum for N = 10 and a = 0.56λL.
atoms, this expression is independent of the azimuthal
angle φ. Hence, the orbital angular momentum of the
emitted photon is in this case equal to zero. This is again
a manifestation of the non-negligible collectivity in the
photon emission. Conversely, for large values of a λL,
the atoms can be approximately regarded as independent
so that they are coupled individually to the radiation
field. This produces strong azimuthal modulations of the
intensity profile.
In Fig. 4 we show the angular intensity distribution
obtained for three different ratios a/λL, which are all
chosen such that no azimuthal variation of I0(θ, φ) is
present. This clearly shows that, by changing the lat-
tice spacing, the emission characteristics of the photon
can be significantly altered. For N = 10 and a = λL/10
(Fig. 4a) the atoms are so close together that the atomic
excitation (spin wave) acts as a single degree of freedom
that couples to the radiation field [15, 28]. This results
in an almost spherical intensity profile which is modu-
lated by the dipole radiation pattern. In the second case
(Fig. 4b), with N = 10 and a = 0.56λL, the photon
emission is strongly peaked in a cone along the polar an-
gle θmax ≈ pi/4. By tuning the parameters a and N for
a fixed wavelength, it is possible to shift the position of
this peak and even to create a second concentric emis-
sion cone. This is seen in Fig. 4c, where for N = 20 and
a = 0.43λL the two maxima are located at θmax ≈ 1 and
0.5, respectively.
Due to the form of the emission, one could think of
focusing the cone by means of a lens, which would give
rise to a hollow photon with defined zero orbital angular
momentum as depicted in Fig. 5. Moreover, one can
find other parameter sets for which of the emission occurs
mostly into the ring plane.
7V. CREATION OF PHOTON PAIRS
Let us turn to the analysis the photon pair states that
can be created using the atomic states
∣∣Ψ2p〉 as resource.
In this case, the photonic states are given by Eq. (13)
and also labeled by p. We will show that states with
different values of p possess hugely different properties.
In order to understand these differences, it is conve-
nient to decompose the original atomic excitations (11)
into the atomic modes
|Ξl〉 = 1√
1 + δl0
(
1√
N
∑
k
eilφkσ(k)sg
)
×
(
1√
N
∑
k′
e−ilφk′σ(k
′)
sg
)
|0〉at ,
with l = 0 . . . N/2. These are doubly excited states
formed by two spin wave single excitations with oppo-
site angular momentum l and −l, respectively. In or-
der to see that this decomposition is sensible, we calcu-
late the overlap between the state (11) and the above
modes: ξpl = 〈Ξl | Ψ2p〉. The result is shown in Fig.
6 for N = 40 and three different values of p. We ob-
serve that, for a general value of p, the doubly excited
states
∣∣Ψ2p〉 can be approximately written as the entan-
gled state
∣∣Ψ2p〉 ≈ 1√2 [|Ξp−1〉 − |Ξp〉]. This can be ob-
served in Fig. 6 for the values p = 5 and p = 10. The
exception is the particular case of p = 1 which is also
shown in Fig. 6. Here one observes that the state |Ψ21〉
can be well approximated as the zero angular momentum
mode |Ξ0〉 (the corresponding overlap yields |ξ10|2 ≈ 0.8),
|Ψ21〉 ≈ |Ξ0〉 =
1√
2
(
1√
N
N∑
k=1
σ(k)sg
)2
|0〉at ,
i.e., an unentangled product state of two identical sin-
gle atomic excitations. The mapping of this atomic state
into a photonic one results in the emission of two iden-
tical photons. This can be corroborated by calculating
the angular distribution of the photons which is defined
through (14)
I(θ, φ) =
3Γ sin2 θ
piN2
∑
mn
Bm(θ, φ)B
∗
n(θ, φ)
Dm +D∗n
×
∑
jk
C
(p)
jk e
−ikL·rkeiφk(n−1)eikL·rje−iφj(m−1),
where we have abbreviated C
(p)
jk =
∑
j′ ψ
(p)
jj′ψ
(p)
j′k
∗
, and
where the expression of Bn(θ, φ) is given in Eq. (15). A
comparison of the numerical results indeed shows that
the intensity profiles of the photon pair |Φ21〉 and of the
single photon |Φ1〉 are virtually identical for every pa-
rameter regime.
Finally, to complete the analysis of the photon pairs,
we calculate the density-density correlations. They are
FIG. 6: Overlap ξpl = 〈Ξl | Ψ2p〉 for N = 40. In general, the
only non-negligible coefficients are the ones corresponding to
l = p and l = p− 1 (note the p = 10 and p = 5 cases). In the
case of p = 1, the largest element is given by l = 0. Note that
all the coefficients are real.
defined as the probability of detecting a photon in the
solid angle Ωq′ upon detecting a photon in solid angle Ωq
normalized to the probability of uncorrelated detection,
i.e.,
g2(Ωq,Ωq′) =
G(Ωq,Ωq′)
I(Ωq)I(Ωq′)
− 1,
whereG(Ωq,Ωq′) ∝
∫∞
0
ω2dω
∫∞
0
ω′2dω′
∑
νν′ 〈nqνnq′ν′〉.
This correlation function yields g2(Ωq,Ωq′) = 0 if the
two photons that are detected at the angular coordi-
nates Ωq and Ωq′ , respectively, are uncorrelated, and
g2(Ωq,Ωq′) > 0 (< 0) for correlation (anticorrelation)
between the two photons.
We study the correlations as follows: First, the angu-
lar distribution of photons is obtained. We then assume
that the first photon is detected in one of the maxima
of this distribution. Subsequently, we calculate and plot
the correlations as a function of the angular coordinates
of the second photon.
Let us commence by studying the state |Φ21〉 which is
shown in Fig. 7. We observe that the correlation function
is negative (i.e., anticorrelation of the photons) for all
angles Ωq 6= Ωq′ . This in turn means that the probability
of detecting the two photons in the same direction is
very high. This confirms our previous observation, i.e.,
that to a good degree of approximation both photons are
emitted into the same state. The particular features of
the angular intensity and the density-density correlation
function of this photonic state for N = 15 are shown
in Fig. 7a and b where the angle of the first photon
detection is indicated in the intensity profile by a red
cross.
Let us now investigate the correlations for other pho-
tonic states with p 6= 1. As discussed before, in general
the pairs of photons resulting from the atom-photon map-
ping are not emitted any longer into a product state but
into a non-classical entangled one. Hence, new features of
the correlations are expected to appear. As an example,
in Fig. 8a and b we show the angular distribution of pho-
8FIG. 7: a: Angular intensity distribution and b: density-
density correlation function for N = 15 and a = λL/2 of the
two-photon state |Φ21〉. The correlations are calculated fixing
one of the angles to the maximum of the intensity marked by
the red cross, i.e., (θmax, φmax) = (0.83, pi) (note that the
angle of incidence of the laser is (θL, φL) = (pi/4, pi)). There
is anticorrelation for all angles.
FIG. 8: a: Angular intensity distribution and b: density-
density correlation function for N = 15 and a = λL/2 of the
two-photon state |Φ23〉. The correlations are calculated fixing
one of the angles to the maximum of the intensity marked by
the red cross, i.e., (θmax, φmax) = (pi/2, 3.52) (note that the
angle of incidence of the laser is (θL, φL) = (pi/4, pi)).
tons I(θ, φ) and the density-density correlation function
g2(Ωq,Ωq′) for p = 3 and N = 15. In this case, the cor-
relation pattern is rather complex. However, unlike for
the p = 1 case one observes some very pronounced highly
correlated peaks in the half-space 0 ≤ φ < pi. Note that
the maximum probability for the detection of the first
photon (maximum of the intensity) was in the opposite
half-space pi < φ ≤ 2pi.
VI. CONCLUSIONS AND OUTLOOK
In this work, we have first reviewed the problem of
outcoupling non-classical light from a coherently pre-
pared atomic ensemble. We have explained how for large
enough times this process provides a direct mapping be-
tween atomic excitations and photonic states. Subse-
quently we have applied this atom-photon mapping to a
set of many-body entangled states that can be created
on a ring-shaped lattice.
Our analysis of the single photon states that are ob-
tained via the excitation of an atomic spin wave in the
ring has revealed two results: First, we have observed
that, when the wavelength of the driving laser is smaller
than the extension of the system, the photon is emit-
ted into a superposition state of two different directions.
These directions can be tuned by varying the incident
angle of the laser with respect to the ring. Second, in the
regime where the interatomic separation is of the order
of the wavelength λL, we have shown that it is possible to
produce hollow photons with well-defined zero orbital an-
gular momentum. This is achieved even for small atomic
ensembles (N ∼ 10) due to collective effects in the pho-
ton emission.
In addition, we have studied photon pairs that are cre-
ated from doubly excited entangled states which can be
prepared in the ring lattice. During our analysis of the
angular density-density correlations of these photon pairs
we found that the doubly excited atomic states are in
general mapped into entangled photons with non-trivial
correlation properties.
The feasibility to create two-dimensional arrays of op-
tical traps which is necessary for the experiment imple-
mentation of our scheme has already been experimen-
tally demonstrated [29, 30]. These trap arrays with site
separations on the order of a micrometer and single-site
addressability can be used to create experimentally a
ring lattice and other complex 2D configurations such
as triangular or hexagonal lattices. Studying the cre-
ation of many-body entangled atomic states along the
lines of Refs. [13, 14] in these setups is thus an interest-
ing and exciting future direction - in particular because
other geometries are expected to lead to new features
of the photonic states. Moreover, the finite strength of
the confinement of the atoms in conjunction with a finite
temperature will lead to an uncertainty of the atomic
positions rγ . This will produce disorder that affects the
preparation of the entangled atomic resource states [14]
as well as the intensity distribution and correlation prop-
erties of the emitted photons [8]. This will be explored
in detail in a future work.
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